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(Communicated by Prof. H. FEEUDENTHAL at the meeting of May 26, 1973) 
The fact that the Baire category theorem held for both compact Haus- 
doti spaces and complete metric spaces led to a search for a natural class 
of spaces encompassing both of these classes and satisfying the theorem. 
The first successful attempt was due to TECH [5]-the so-called de& 
complete spaces. There have been numerous additional attempts since 
then. In addition to Tech completeness, we shall only deal with two 
concepts closely related to each other, basis-compactness [lo] and co- 
compactness [l]. A comprehensive survey [2] of these and many more 
completeness properties by J. M. AARTS and D. J. LUTZER is in preparation. 
I am indebted to them for many stimulating thoughts on the subject. 
We shall present an example to show that neither basis-compactness 
nor cocompactness is implied by Tech completeness. The example has a 
number of other interesting properties- it is a metacompact locally 
metrizable Moore space which is not metrizable, but may, consistently 
with the axioms of set theory, be assumed normal. The example’s sig- 
nificance in metrization theory is dealt with in [9]. Here we will confine 
ourselves to completeness questions. 
DEFINITION. A space (we assume all spaces completely regular) is 
tech complete if it is a Ga in its Stone-Tech compactification. 
DEFINITION. A collection of sets is centered if every finite subcollection 
has non-empty intersection. A space is basis-compact if it has a base a 
(called a compact base) such that if3 C a is centered then n @’ : P ~3) # 0. 
A space is wcompact if there is a collection of closed sets (called a co- 
compact closed base) such that ifp E U open, then there is B E 643, p E int B, 
B C U, and every centered subcollection of g has non-empty intersection. 
All three of these properties are equivalent to the usual topological 
completeness in metric spaces, and imply the Baire theorem. The reasons 
they are interesting can be found in the references. 
It is known that the product of 2x0 copies of the real line is basis- 
compact and cocompact, but not Tech complete. (See [lo] and Cl]). The 
point is that the first two properties are productive, while the third is 
1) I should like to dedicate this note to the late Johannes de Groot, who 
wae indeed a gentleman and a scholar. 
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inherited by closed sets. The rationals are obviously not tech complete, 
but can be embedded in this product of lines as a closed subset [7]. 
The problems of whether tech complete spaces are basis-compact or 
cocompact are raised in [lo] and [l] respectively, and are originally due 
to J. de Groot. To construct the counterexample we start with a familiar 
space and split some of its points. The origins of this idea can be found 
(well-hidden!) in a paper of BING [4]. 
Let Y be an uncountable subset of the real line. Let D consist of all 
those points in the plane above the line having both coordinates rational. 
Define a topology on Xa =D u Y as follows. Each {d}, d E D is open. 
For each y E Y, and each n E CO, pick d(y, n) E D such that l/n+ 1~ 
<e(y, &A n)) < l/ n, where e is the usual metric on the plane. Thus 
MY, n)Lu, converges monotonically to y. Let M(y, n) = {y} U {d(y, m) : 
m>n}. We take {iV(y, n)},E, as a base for y E Y. 
It is easy to see that Y is a closed discrete subspace of Xc, D is dense 
in Xc, Xc is Hausdorff, and each basic open set is compact. We now 
modify Xc to construct a new space X as follows. The points of X will 
consist of the points of Y and the members of D* = {(d, F) : d E D, F a 
f?nite subset of Y}. We write & for (d, P). Thus each d ED splits into 
as many points as there are finite subsets of Y. The topology for 
X = Y u P is defined as follows : first, each {&I, & E D*, is open. Second, 
define a base at y E Y in X to be {N(y, n)},,,,, where N(y, n)= (y/) u 
u {dF: y E F and d E M(y, n)}. 
Let fn = ((aFj : a F E P} u {N(y, n): y E Y}. Then observe that 
f= U,,, $,, is a u-point-finite base for X, because for each n, every 
& is in at most one more than the cardinality of P members of $,, 
while each y E Y is in only one member of $,,. (In fact {fn),,, is a 
development for X, see [9]). 
The crucial point of the construction is that if yi, . . . . yt E Y and 
ni, . . . , ni E w, then N(yi, ni) n . . . n iV(yt, m)=Id if and only if dd(yi, ni) n 
n . . . n Wyt, nr) =8. For hl, . . . . yi) E Nyl, nl) n . . . n Wyt, nr) if and only 
ifdE2CZ(yl,nl)n . . . n M(yt, ni). It follows easily that since Xc is Haus- 
dorff, so is X. (It also follows that X is not collection&se normal, since 
X0 isn’t, and that X is normal if Xc is. If Y is chosen to be a subset of 
the reals such that every subset of Y is a relative -Pa, then the same proof 
as for Example E of [3] shows that Xc is normal. The existence of such 
an uncountable Y is consistent with the axioms of set theory, Silver 
[8, section 2.31.) It also is easy to see that each basic open set is closed, 
so X is completely regular. 
To show that X is tech complete, we use an equivalent definition. 
LEMMA [6]. A space is tech complete if and only if it possesses a 
sequence (Sn>, Em of open covers (called a complete sequence), such that 
whenever .%? is a centered collection of closed sets such that (Vn)(NZZ E 
E x%)(3& E %)(K, C a), then n Z # 8. 
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For example, note that {JP~), E(D is a complete sequence of open covers 
for xc, where Z, = {{d): d E D} u {M(y, n) : y E Y}. We claim that 
Lm,eco is a complete sequence of covers for X. Let x be a collection 
of closed subsets of X which is centered, K, C G, E $,,. If any G, is a 
singleton, it follows that n y = G,, so without loss of generality, assume 
G, =N(y,, n). {N(y,, n)>,, ( (u is centered since {Rn},,, is. Therefore so is 
PmYl,, amlJ. But each M(y,, n) is compact, so M= n,,, M(y,, n) #!A 
Considering the usual metric in the plane, we see that M C Y. In fact 
M must consist of a single y E Y, for if y, y’ E M, then there exist arbitrarily 
large n such that y = yn, and arbitrarily large m such that y’ = y,,,. But 
this contradicts Xc Hausdorff. We conclude that all but finitely many yin 
are equal to y. But then n,, l m N(y,, n) = {y}. It follows that n,,, K, = {y}. 
Ce~a~ly n,,, Km C {Y}, since K, C N(yn, n). If y 6 some Kn, then since 
K, is closed, there is an m such that for every k>m, N(y, E) n K, = 8. 
But, taking k sufficiently large, yk = y, N(yk, k) r> Kk, and Kk n Km #@. 
We are done, for if n,,, K, = {y}, so does n Z. 
It remains to show that X is neither cocompact nor basis-compact. 
The proofs are similar. Suppose 2? is a cocompaot closed base for X. For 
each y E Y and each n E w, pick B(y, n) E a such that y E int B(y, n) C 
C B(y, n) C N(y, n). Then 97’= ({IJ}: p E D+} u {B(y, n): y E Y, n E co} is a 
cocompact closed base. Furthermore, &?’ is a-point-finite since f is. Since 
g is cocompact, no uncountable subcollection of $3’ can be centered, 
for this would contradict 8’ u-point-finite. Alternatively, suppose $9 is a 
compact base for X. As before, pick B(y, n) E g, y E B(y, n) C N(y, n). 
9?’ defined as above is then a compact base. Z = {B : B E a”} is u-point-finite 
since f is. Since &9’ is compact, it follows that no uncountable subcol- 
lection of 9?’ can be centered, for this would contradict Z a-point-finite. 
Whichever 9?’ is in question, for each y E Y, pick B, E #, y E B, C 
C N(y, 0). Then y fy’ implies B, #Bun. Hence {BZI}vE r is uncountable. 
Then for each y pick N(y, n) such that y E N(y, n) C B,. Consider {M(y, n): 
y E Y]. This is an uncountable collection of open sets in a separable space, 
so there is an uncountable Y’ C Y, such that {M(y, n): y E Y’} is centered. 
But then (N(y, n) : y E Y’> is centered, and hence so is {BEl}vs r,, contra- 
diction. 
Although X is not basis-compact or cocompact, it has these properties 
locally. The point is that X can be shown to be locally metrizable. tech 
completeness is inherited by open sets, so X is locally completely metriz- 
able, hence locally basis-compact and cocompact. Aarts and Lutzer have 
called to my attention that it follows that neither basis-compactness nor 
cocompactness is preserved by open continuous maps. For X is the open 
continuous image of the disjoint sum of its open completely metrizable 
subspaces. This sum is completely metrizable and hence basis-compact 
and cocompact. 




1. AARTS, J. M., J. DE GROOT and R. H. MCDOWELL, Cooompactness. NW. Archief 
Wiskunde, 18, 2-15 (1970). 
2. and D. J . LUTZER, Completeness properties designed for recognizing 
Baire spaces. Dissert. Math. (to appear). 
3. BINU, R. H., Metrization of topological spaces. Canad. J. Math., 3, 175-186 
(1951). 
4. 9 A translation of the normal Moore space conjecture. Proc. Amer. 
Math. Sot., 16, 612-619 (1965). 
5. TECH, E., On bicompact spaces. Ann. of Math., 38, 823-844 (1937). 
6. FROL~K, Z., Generalizations of the G,-property of complete metric spaces. 
Czechoslovak Math. J., 10, 359-379 (1960). 
7. GILLMAN, L. and M. JERISON, Rings of continuous functions, New York (1960). 
8. MARTIN, D. and R. M. SOLOVAY, Internal Cohen extensions. AM. Math. Logic, 
2, 143-178 (1970). 
9. TALL, F. D., On the existence of normal metacompact Moore spaces (normal 
Hausdorff spaces with uniform bases) which are not metrizable. 
Caned. J. Math. (to appear). 
10. SLOT, J. VAN DER, Some properties related to compactness. Math. Centre tract 
19, Math. Centrum, Amsterdam (1968). 
